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Received 30 July 1979, in final form 27 November 1979

Abstract. A simple analytic expression for the general Talmi-Moshinsky harmonic oscil-
lator bracket is derived. This expression is expected to be more convenient, from the point
of view of numerical computations, than the others available in the literature.

1. Introduction

In many nuclear physics problems one needs to perform a transformation on the
two-particle system from single-particle coordinate basis to the centre-of-mass and the
relative coordinate basis. When one expresses the single-particle wavefunctions in the
harmonic oscillator basis, this transformation is represented in terms of the well-known
Talmi-Moshinsky bracket (TMB) (Talmi 1952, Moshinsky 1959, Smirnov 1961). In
general one tries to approximate the general wavefunction in terms of the harmonic
oscillator wavefunctions and then uses this transformation. In such problems one
requires the computation of a large number of TMBs.

Because of the history of the problem, many attempts have been made in the past to
obtain for this bracket a simple, analytic expression which is also useful from the
computational point of view. Various computer programs exist corresponding to these
attempts. Mention can be made of at least two such programs, one by Sontona and
Gmitro (1972), which is based on a formula from Trlifaj (1972), and the other by Feng
and Tamura (1975), which is based on an expression obtained by Baranger and Davies
(1966). From the point of view of analytic simplicity, the formula of Trlifaj (1972) is
much better and generally it has also proved to be more useful computationally. In
addition, various symmetrical analytical expressions also exist for this bracket which
are, however, not very convenient for numerical computation (Bakri 1967, B Buck
1970, unpublished, quoted by Talman 1970, Talman 1970). The results of these
attempts are essentially variants of a formula due to Kumar (1966).

Recently, Dobez (1977) has reattempted the problem following Trlifaj’s procedure
(1972) of skilfully specialising one vector. Dobez (1977) has arrived at a formula which
has proved to be more efficient than that of Trlifaj (1972) but it involves a larger number
of summations. The computational advantage is derived from the possibility of
expressing the various expressions for the TMB as a sum of a quantity which factorises
into a radial quantum number dependent (non-geometrical) part and a radial quantum
number independent (geometrical) part. In Dobez’ (1977) formula this sum has only
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one overlapping index of summation, whereas in Trlifaj’s (1972) this number is three,
which gives the computational advantage to Dobez’.

In this paper, we have also followed Trlifaj’s (1972) procedure of fixing one of the
momenta (Trlifaj used it for the / =0 case only, but we are using it for the general
TMB). We have also used some angular momentum techniques to arrive at a still
simpler expression. In our formula the total number of summations is seven, i.e. the
same number as in Trlifaj’s (1972) but three less than those in Dobez’; but when one
expresses our formula as a sum of factorised expressions as described above, there is
only one overlapping summation. Thus our formula, which combines the advantages of
both Trlifaj’s and Dobez’, should be more advantageous computationally than the
others under consideration. We hope to manifest this advantage quantitatively by
actually writing a useful computer program.

One disturbing feature still remains. Except for the formulae of the type of Kumar’s
(1966), none of the others quoted above, including our own, manifest the obvious
symmetries of the bracket. The procedure of Trlifaj is obviously not symmetrical and
the results derived from it are thus also not so. We believe that it should be possible to
derive a simpler expression for the TMB, which manifests its symmetries and is faster
computationally. Though our attempt may prove to be a step in this direction, we have,
unfortunately, not been able to achieve our final goal.

The plan of this paper is as follows: in the next section we present the notations for
completeness and also derive a formula which we use in the last section to arrive at a
useful, simple and analytic expression for the TMB. In the last section we also compare
our expression with some of the previous results.

2. Notations and mathematical formulation

We write
Ablinabn = L Sumiema (L mu; Ly ma| A, w)dwh, (r)d 0w, (r2) (1)
and

Blinio = szau,m+M<l’ m; L, M|A, u)ém(r)d N (R), 2)
where

$ri(r) = cur’ exp(=2r )L () YT(F) (3)

is the normalised three-dimensional harmonic oscillator wavefunction. In equation (3)
the normalisation constant ¢, and the Laguerre polynomial L,,"*(r’) are given by
1/2

en= () 4)

Tn+1+%)

D(n+1+3) o
ml(n—m)IT(m +1+3)

&)

L= L (D"

In the previous equations, in place of the position vector x, we have used an
argument r related to it by

r=(mow/h)’x.
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Note that m,, ma, m, = (mimy)/(mi+my), mcy = M1+ m, are the masses used in the
above relation for ry, r;, r and R respectively.

The single-particle coordinates ry, r, are related to the relative and the centre-of-
mass coordinates r, R by
1/2

1 D
rl_(1+D) +<1+D> R, (6a)
1/2

r2=_<1+DD> +<1+1D) R, (65)

where D = m1/m; is the mass ratio. Note that the transformation given in equations
(6a) and (6b) is orthogornal. We can invert equations (1) and (2) to obtain

1/2

1/2

d):tn)]ll (r1)¢nm2212 (r2) = z au,m1+m2<lla mi; 12’ mZI/\y M)At;l]l,n2l2§/\7 (1’)
A
(P SNL(R) =X 8 mena(l, m; L, M|A, W)Bling . (2"
A

The transformation coefficient (nl, NL;A|nli, nala; A) known as the Talmi-
Moshinsky bracket (TMB), which we wish to compute, is defined by

A::;h,nzlz;/\ = z <nl’ NL; A |n1119 n212; )\> BZI,NL;/\- (7)

nl,NL

Evidently we can write

Grn (P, (r) = Y SmrmpmemContE N rd ()b N (R) (8)

alNLmM
which, on using equation (2'), becomes
¢:11111 (r1)¢:;212 (r2)
Z 5M m1+sznlN)\ A Z 5“ m+M<l m; L M1/\M>C:lnllzlmnzly:%NL (9)

RINLA
Alternatively, substituting for A}/, x5, from equation (7) in equation (1), we find
¢n111 ("l)d’nzzz (r2)
= Y Sumems {1, mus lay ma| A, u)nd, NLy X [ n1ly, nala; A)Briae. (10)

nINLA
Comparing equations (9) and (10), we arrive at
{ly, my; b, ma|A, mi+ma)nl, NL; A |nyly, nala; A)
= Z 8m1+m2,m+M<la m;L’ M|/\’ m +M>Cn1171";,21': nNI!NL (11)
mM

Equations (8) and (11) define the procedure which we shall be following to obtain a
simple analytic expression for the TMB represented by (nl, NL; A | n1ly, nala; A).

3. A simple expression for the general Talmi-Moshinsky bracket

mmm

In order to obtain the coefficients C. 1 25 m~ne defined in equatlon (8), we must
expand the product ¢ .3, (r1)@ w3, (r2) in terms of the products ¢(r)d M. (R). For this
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purpose, noting equation (6), we find

lixymyra 1/2 </\1y/~L1;ll—Alyml—Mlillym1>
YR = +1)!
Y F) =42l + 1)1 El (@A + DI =20+ )72

LU=Ay)

“Grpm YRR ISR (12)
and
v (A2, 2y L= Ag, ma— walla, mo)
+ } 1/2 < 2
r2YiH(f) = (42l + )] A}uz [QRA+ 121 =24+ 1)1]Y?
D' oo .
><(—1)*2(1+D),, r2Y$2(F) Ry 2 E2(R), (13)

using a well-known formula (Varshalovich et al 1975).
Further, using equations (5) and (6), we get

L DL ()
F(n1+11+%)1“(nz+lz+%)

= —~ 1)1tk 21,26
—,é( b a2l — ) (e — ) Tt + b+ (s + L +3) * |2
- Z (_1)t1+i‘2+p2 F(n1+ll+%)l“(n2+lz+%)3 i
t1t2p1P2 (ti=pit2—p)Uny =) n2— )Wt + 11+ 3T (12 + 1 +3)p1 | pa!
1 , D 2>’1“’1( D , 1 ) "2( VD )"1*"2
+ o . 4
X<1+D’ TR =p" T1:pR 2oph kR (14
and
exp [—3(r} +73)]=exp [-3(r*+ RD)]. (15)
We shall also require
1 A
(2r.RY =27""*(rR)" Y. 5 1 YHAY(R), (16)

@B —ITG(p +k +3))

where —k <q <k and the summation over k is such that k and 3(p —k) are both
non-negative integers. This result can be obtained by using equation (5.8.3) in
Edmonds (1960) with ok in place of k, differentiating p times with respect to « and
replacing « finally by O.

Now equations (3)-(5) and (12)—(16) give
G, (r)d 3, (r2)
=87 2y, Cnyty €xp [=3(r7 + RONCL + Q2L+ T (ny + 1, + DTy + L +3)

% z (__ 1)A2+t1+t2+p2+q

Aqpidzuz

titapypakq

Aprs = Ay, my= |, mi)(Ae, wos b= Az, Mo — ually, my)
[RA+ DL =241+ DA+ D2 L =2, + 1)1

X (D1 +pa2)!
(ni— ) (n2~ )01+ 1y +)T(t2+ L +3)p1 p) !t = p)l(t2— p2)!
X [3(p1+p2— kK)ITG(ps +pa+ k +3))
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D%“I‘M*’\z*"ﬁ“) 1 2 D 2 hTh
X - ( ro+ R )
(1+ D)ith+r+ei+e:\1 4+ D 1+D
D ) 1 2)’2_!’2
+
><<1+D’ T
Xr*l**2*"l'*”2Y“l(‘) Y5SAAYUR
x RUT T hateireay i Ry Y12k (R) YRR, 17

From the above, it is easy to project out the angular part Y/"(A)YY(R), where
m=u1+ur+q and M =mi+my—pu1—uy—q (so that m; +m,=m+ M) by making
use of standard angular momentum techniques. Indeed0<l/<=A{+A;+kand0=sL =<
l1+1; = A=A+ k in the projection from the term

YA YA YU YIS R YRS R)YR),

where the lower bounds on / and L may not be achieved. (Note that
Y B YR YR =Y LY ")
i

where if, e.g. [y = max(li, I3, {3), lmin < [1 <[+ [ + 5, where [, is defined as max(0, [; —
12—' 13, 1 my+mo+ms I))

The coeflicient of this term is 7 *P2 times a multinomial in r,
R. Since p; + p2—k =0, the powers of both  and R are no less than the upper bounds of
[ and L respectively. Thus we have the possiblity of having in our expression for
&y, (r)d 3, (1) all values of [ and L allowed by the angular momentum consideration
in any term.

Next we project out exp =302+ RHOIYARYYY(R). Then the coefficient C of
exp [-3(2 + ROIFYARTYH(R) in 613, ()5, (ry) is given by

C =872 CoCny[ Q1L + DQRL+ DT (i + L+ Do+ L +3)
X Z (_1))\2+t1+!2+p2+m—-u1--u2

Arp1Azun
t1t2p1p2k

)\1+)\2+p1+p2R Li+l,—A —Ay+p,

A1, ps li— Ay, myo= iy, moAs, we; b= Ay, ma—ually, my)
[RA+ DR =241+ DIRA,+ D21 =24, + 1)1]2

1
X
(ny =) (na— 62)!T (1 + 1 +3)(en + 12+%)P1 P2ty —Pl)!(fz—Pz)![%(Pl +p—k)]!

(p1+p2)! prTAtPy Rl p it = A —Ag+p +py—L
TG(pi+pa+k+3)
1 D 2)11%7‘( D 2 1 2)12_"2
X +——R =
(1+D' 1+D 7D T1:pR
x coefficeint of YI'(A)YT(R) in Y52 (A YS2(A)YUA Y (R)Y T3 (R)Y R (R).

From equation (8), we see that the same coefficient C is also given by

C= 21:\/ iz nemeni L (FPLEH(R). (19)
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Because of the energy conservation requirement
2ni+2na+ L1+ L =2n+2N+I[+L, (20)

and the fact that ny, I}, 13, [3, [, L are fixed in equation (19), the sum in this equation is
over only one independent variable. Henceforth, we shall indicate only one such
variable in our summations.

At this stage we use a generalisation of the r—- 0 technique previously used by
Trlifaj(1972) specifically for the / = 0 case. Essentially the same method was also used
by Dobez (1977) though after following some expansions of the products of Laguerre
polynomials in a manner different from (and more complicated than) ours. In equation
(19), it is trivial to calculate the - 0 limit. Indeed

C(r=0) z M e L (0)LE (R, 1)

In equation (18), however, when we approach this limit, only those terms with
I=A1+Ar+pi+ps (22)
survive, Since also /<A;+A.+k from angular momentum considerations where
k <p,+p, we are forced to take
k =pi+pa. (23)

(Note that k is to be such that both k and %(pl + p»— k) are non-negative integers. The
special choice k = p; + p; satisfies both these requirements.) Thus / is obtained from the
three angular momenta A, A, and k in the most stretched configuration. The outcome
of the above analysis is that in order to obtain C(r - 0) from equation (18), we may take
p2 and A, as dependent upon other summation indices, as given in equations (22) and
(23) above. Subsequently we shall explicitly eliminate p, and add a delta function
81a,+2,+k in the equations to remind us of the condition / = A1+ A+ k.
Now since

Y (A)Y R
QL+1@2L+ 1))”2 ,
=S (Fiemi ) (0040)
X(ly, my; by, ma| L, my+ ma)Y T (F) (24)
(equation (4.6.8) in Edmonds (1960)), we find the coefficient of YMAYY(R) in
YSAYREAOYTLOR)YREE(R)YUR),

as

2k+1)

((2/\1+ DERL=201+DR2A2+ D25 —2A,+ 1))”2
QI+ 1Q2L+1)

X (A1, 13 A2y 2| A1+ A2, 1t XA+ Az, mat+pas K, gl m)
X{A1, 05 Ao, OJA1+Ag, OXA1+ A2, 05k, 01, 0)

1672

XY (lhi=Ay, mi—wy; b= Ao, ma—wa|Ava, my+mo— 1 — p2)

A1z
X{A12, my+ma— s —p2; k, —q|L, M)
X<11_/\13 0; 12_/\2’ OIAIZ’ O></\12’ Os k9 O|L5 0>
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The computation of the coefficients C |y 27 v now only requires comparison of
the C(r - 0) obtained from equation (18) and that given in equation (21), and equating
the coefficient of LX™"/?(R?) in both of these results. This comparison is possible on

account of the orthogonality of L '/2(x) given explicitly by

T(n+1+%)

oo
I+5 —xy I+ i+
J x' e L (X)L dx =8, ‘
0 n!

and the equation
o LDy —w)
n!T(y —u—n)y

which are equations (7.414 (3,11)) in Gradshteyn etal (1965). Substituting the value of
C :117;"},,2;;;';2{ ~z thus calculated into equation (11), we finally arrive at

J' xT e LE(x)dx = (- 1) (25)
0

(I, my; Ly ma| X, my+ma)(nl, NLi A |nqly, nalasd)

L s nfrlmatn! QLADREL+1) T + L+ DT o+ L+ 2,
=sm7 °(—1) ( 3 K} ) T+
Nl QI+DQL+1) T(n+I+IT(N+L+3)

A+t i, +k+p
Xy (=ntethTh 18 a4 hatk
AtAatitak

D;(Il—)\1+/\2+k)+!,—p1
X
(1 + D)§(11+12)+11+12

i+t + i+ L—=1-L)/2D)W (i + 2+ (1 + -1+ L +3)/2)

X
pillk —p)!i(ti—p)ta—k +p)l(ny—t)!(na~—t2)!
XD+ 1+ DT+ L+t + ta+ (L + 1, — 1 —L)/2— N)!

y 2k +1)k!
Tk +D)[CANCANIQRL =221+ D121 —2x,+ 1)1]?

X (A1, 0542, 0/A1+ A2, 0A1+ A2, 05 k, 0]/, 0)

X Z (A1, 13 l1—Aq, ml"#«llll, mi)XAag, pwa; la— Az, mz—l-bzllz, m2)

Atziin2g
XAty 15 Azy paf A1+ Az, wi+w)A+ A, g+ pas ky gL, m)

X{l= A, my— s b= Ao, Mo — ol Avg, M+ my— g — o)

X(A1z, Myt my— 1 — 2 k, —q| L, M)

X(I1=A1,0; l2=A2, 0| A1z, 00A12, 05 k, O| L, O, my; L, M |A, m + M), (26)

where m =y +ur+q, M=m;+my—~ui—uz—q (and therefore m,+my,=m+ M)
and many of the Clebsch—Gordan coefficients appearing in this equation correspond to
stretched configurations. Note that we have replaced the m-summation appearing in
equation (11) by a summation over g, which can be done since the two are not
independent.

Next we wish to perform the summations over the three magnetic quantum numbers
@1, M2, g appearing on the right-hand side of the above equation, in such a
manner as to be able to factorise the magnetic quantum numbers dependent part
{li, my; b, ma| A, ma+m3). Then we shall be left with an invariant expression for the
TMB which we are interested in.
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First note that

Y (=DM + Aoy o+ w2 ky gl m¥Aaa, my+ma =y —uas k, —q|L, M)
q

X{L,my L, MIA, mi+ms)
(2L+_1l
(2A2+1)

Xk, g3 Ly M Xy, my+may—uy—pa)Xl, my Ly M A, my+ my),

1/2
= (-4 ) Tt an itk alhm)
q

using equation (3.5.16), p 42, in Edmonds (1960). Now we can perform the g-
summation using equation (6.2.7), p 95, in Edmonds (1960) with ji=A1+A,, 2=k,
j3 = L, ]']2 = l, ] =A, j23 = A2 tO arrive at

Y =DM Ao, itz kgl m)
q
XAtz My +ma—pr—ua, k,—q | L, MY, m; L, M|\, m,+m5)

- (‘_ 1)L+/\1-+-,\2+/\[(21 + l)(2L -+ 1)]1/2

X(Ar+Ag, pi+pa; Aig, Mo+ ma— iy —wa| A, mq+my)

/\1+/\2 k [} ‘
X{ L A Al (28)

Next we examine the u:-, uz-summations. For this purpose, we use
(= 1) ha i a2 (95 4 1)(223 + 1) (2731 + D230+ 1]
J1i Jiz Jis
X {13, M3} J23, M23|fas, M3z jar Joz  J23
J31 Jaz Ja3

= Z {J11, M1, J12s 7"12]f13, m13><f21, Mat; j22, m221f23, M23)
miimay

X{f31, Ma1; faz2, M32 |33, M33)

X (J11, M11; f21, Marlfa1, M3z, Ma2s 22, Mozl faa, Ma), (29)

with jiy= Ay, ju=l=Ay, J1z=1y, 215 A2, f2= 1= A2, j23= 12, far = A1+ Ag, fa2=A1a,
J33 =] (the above is a variant of equation (6.4.4), p 101, in Edmonds (1960)), to obtain

Y (Ar, s = A, my—wa |, maXAg, was = A, ma—= 2| lz, ma)

MH1sp2

X A1+ Az, p1+pas Aiz, ma+ o= py—pa| A, my+my)
X{A1, w13 Az, 2| A1+ A2, i+ @a)
X{i=Aq, my— s b= Ao, Mo —paf Ay, my+ma— s — pa)
= (= DTN 1) (20 + 1)(24 1 + 242+ 1)(2A 12 + 1)1

Al 11"‘/\1_ 11
X1y, my; by ma| A, mo+ma)s Ag lLh=As ). (30)
Ai+As Ags A
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On substituting from equations (28) and (30) in equation (26) and cancelling the
factor ([}, m1; Iz, ma| A, my + ma) on both sides, we finally arrive at

(nd, NL; Al nqly, nalay A)

=l7T1/2(— 1)N<n1!n2!n! I‘(n1+ll+%)F(n2+lz+%)
2 N! Th+I+9T(N+L+3)

1/2

><(211+1)(211+1)!(212+1)(212+1)!) r'{+3)
D%(Il——f\1+,\2+k)+t1—~p:
X
AlAatifapiA12k 1 +D)%(11+12)+"H2
(h+6+ L+ L=1-0L)/ 2t + 2+ (L + =1+ L +3)/2)

pillk —p )t~ p)i(t2 =k + p1)l(n: — 1)z — 1))
Xty + L+ )0+ L+ D[+ ta+ (I +l,—1—L)/2—N]!

X{A1, 0; A2, Ol1 =k, 0% -k, 0; k, 011, 0)
X(Iy—=A1,0;5 1= A2,0[A12,0XA12,0;k,0|L, 0)

y 2k + DkI[(2A1 + 242+ 1D (2A 2+ D2
Dk +D[Q2ANCADI 2L =24 )20 - 21112
/\1 11“)\1 11

} Ao b=As by, (31)
I—k A A

L+h +t+ty+k+p,+A
(”‘1) T ! 51,/\1+,\2+k (

{l—-k k1
X
L A A

where, to simplify the phase, we have used the fact that /; — A+, —A,+ A, is an even
integer.

In the above equation we have our expression for the TMB bracket, which contains
only seven summations, since the stretched 6-j symbol has none, whereas the doubly
stretched (row-wise) 9-j symbol has only one summation (Jucys and Bandzaitis 19635,
Sharp 1967). Again, all the Clebsch-Gordan coefficients appearing in this equation
can be explicitly given without any summation. These various quantities are given
below:

2A012AIN Y2 (1-k)!

(A1, 051, 0]1 -k, 0>=(((§,‘)_(2,f;)) (MAZ),, (32)
20-2k0120N* 1

(U= 0: . 011 0>=(( (2131( )) = k)k" (33)

(li=A1,05 2= A2, 0/A12, 0)

=(- 1)g(11+t2-xl—)\2—)\12)

Cr+ D+ b= = A=Al li—L—A1+ A2+ A1)
X(Zl“'12—/\1+)\2+/\12)!(—11+12+/\1—/\2+/\12)!
B+ la= A= Aa+A12)]!

X
G+ A== A1) B “12-/\11+ A2+ A12)]! »
X[E{=li+L+A—A2+A1)],

X

(34)
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<)‘127 05 k7 0|L9 0>
1/2

= (- 1)%(—L+k+A,2><(2L+ DL +k—A)(L=k+Ap)(=L+k +/\12)!>

(L+k+A2+1)!
[%(LJrk +A)]!
JL+k=22)BL~k+ A1) B(—L+k+A12)]

><[ (35)
AN

_{L A 1}
I-k k Ar

- (_ 1)1+L+/\

X( QINQI=2kMI+L+A+ I +L =M =L+MDUL—k+A)! \/?
(21+1)!(~I+L+A)!(L+k—Alz)!(—L+k+)\12)!(L+k+/\12+1)!)

(=l+k+A+112)! Y”

X
(U—k+A—AnﬂU—k—A+AuﬂU—k+A+An+lﬂ
Ay li—Ax1 4

/\2 lz_/\z 12

-k A1z A

(36)

Pl P U SR P
=(_1))\+1—k+)\12 12_/\2 )\2 12
A1z -k A

( (21 =222~ 2A))!
QL+DIRL+1)Q2I-2k+1)!

X(11+12+/\ +1)!(11+12-A)!(11—12+/\)!>
(=lh+L+A)

1/2

X((l-—k+/\12+/\ +1)!(l—k—/\12+)\)!(1—k+A12—/\)!)1/2
(=l+k+A+A)

( (Lt b+Ai=AatAs)! )”2
(h+L=T+k+ A+ DI~ b= A+ A+ A (i + o= [+ k—Ap)!

XY (= 1)°

% (*l+k+/\12+/\+2)!(—11+12+/\+Z)!
Z!(l—k+/\12—/\—Z)!(—11+12+/\1—/\2—l+k+)\ +Z)!(2)\+1+Z)!
(37)

(equations (3.7.17) and (6.3.1) in Edmonds (1960) and equation (A2) in Ali§auskas and
Jucys (1971)).
Using the duplication formula

I'(2z) =ﬁ222‘1r(z)r(z +3), (38)
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we find
Qk+1)T(+3)I! _ 2k
KTk +3)(21+1)!
Thus we finally arrive at
(nl, NL; A |nily, nalyy A)
=37VH2L+ DL+ DRI+ DQRL+1)]Y?

(L+L+A+D)IG+H L= =L+ A)
XU+L+A+DI+L-ANI—-L+A)
(mh+ L+ (=1+L+1)!
X(_l)N(rzl!nzln! F(n1+ll+%)F(n2+lz+%)>
Nl T(+I+)T(N+L+3)

(39)

X

1/2

L _
XZ[( ¥ 51,/\1+/\2+k(~1)2“1+12+1 L)y+A, +z
%

AlA2A122
D%(ll—)\l+/\2+k) 22k—2l(2/\12+ 1)
(14 D)+t AiAo!
y K (=lL+h+Ai=da+ A B+ bL=1+k+A1)]!
(h+bL=I+k+rn+DEL+L-1+k—Ap)]!
X[%(ll"12*/\1+A2+/\12)![%(“11+12+/\1—/\2+A12)]!
y (L=k+A ) GL+k+r)]
(L+k+An+DIBL+k=2)IBEL -k +A:)]!B-L+k +A12)]!

X

« (=I+k+A0n+A+2) =L+ L+A+2)! )
W —k+Adn—A—2)=L+L+A - A~ l+k+A+2)2A+1+2)!
Dh™h 1

X -1 f+ttpy —
(r,zzz:pl( ) (1+D)"""2 pylk —p)Ht1—p)! (2 —k + p1)!

(ny =) (na— )Tt + 1 + DT(t2 + 1 +3)

[t1+ta+ (L +L—-1-0L) 21T (1 + t2+ (1 + 1,1+ L +3)/2) )} (40)
X(t1+t2+(11+12"l—L)/2“N)!

Above we have attempted to write the TMB as a single sum of products of a
geometrical (radial quantum number independent) and a non-geometrical (radial
quantum number dependent) part; each of these parts involves only three summations.
If we compare our result with Trlifaj’s (1972) we note that we have only one overlapping
summation between these parts, whereas the formula of Trlifaj contains three such
summations, though the total number of summations is the same (seven) as in our
formula. The non-geometrical part in our formula agrees with that in Dobez’ and the
number of overlapping summations is also the same (one). However, in our formula the
geometrical part contains only three summations, whereas in Dobez’ (1977) formula
there are six. Naturally, our expression, which combines the advantages of both
Trlifaj’s and Dobez’ formulae, should be more useful from the computational point of
view. It is also hoped that the simplicity of our expression will provide guidance in
arriving at (possibly) a simpler expression for the TMB with manifest well-known
symmetries.
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4. Special cases

4.1. D=0

In this case, evidently, Ay =1y, A=k =p;=1,=0, I =11, A\1,=1,=L; then summing
over the remaining z and ¢,, we arrive at

(nl, NL; A |nily, nalas A )“D—B) SuryONnaOut, SLi;e

42 D=

In this case, evidently, Az =10, Ay=k=p;=1,=0; =1, A12= 1= L; then summing
over the remaining z and ¢;, we arrive at

(nl, NL; A |nily, nals; A)‘};;Z(“ D28y S8 81,814,

4.3 1=0

In this case, Ay =A, =4k =0, which results in p; =0 and A;,=A = L, which then gives
z =0. Thus we are left with the ¢, #, summations only. Indeed

(n0, NL; A{nily, nalyy A)
=%7TI/2(— 1)N<11; O; 125 O!I-'a 0>
X(m!nz!nz QL+1D(2L+1) T(n1+11+%)r(n2+22+%))1/2

N! " @2L+1) =~ Th+dDIN+L+3)
I)él,»fz1
r1+12
Xlgz( 1) (1+D)g(11+12)+r1+t2

[tl +t2+(11 + lz"L)/2}!F([1+ tz+(11 +12+L+3)/2)
f1!f2!(n1 - tl)!(nz"‘tz)!r([l +1 +%)
XD(t+ L+t + 6+ +1~L/2)~N]!

, (41)

where

<ll9 0, 127 O‘L’ 0>

=(- 1)%<’1+12—L)<

QRL+1(Lh+bL=D)h =L+ L)~ + 12+L>z>”2
(L+L+L+D)
9 [%(l1+12+L)]!
B+ =D~ L+ DYB(= L+ L+L)]"

(42)

The expression in equation (41) is the same as that appearing in equation (11) in
Trlifaj (1972).

Finally, we wish to remark that the transformation in equation (6) is an orthogonal
transformation, since if

T=( [1/(1+ D)1 [D/(1+D)]”2>
-[D/(1+D)Y}? [1/(1+D))*)
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TT'=1. In fact, this is also a unitary unimodular transformation since T is real and
det T=1. The computation of the TMB for a general SU(2) transformation

()

TT =1, detT=1,

with

is essentially identical to that given in this paper.
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